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Abstract. We try to classify real curves with one nondegenerate double point in | — 2K]f 4 | on 
the 4-th real Hirzebruch surface MF 4 (Theorem [5]). They are closely related to real 2-elementary 
K3 surfaces of type ((3,1,1),— 1). We also consider non- increasing simplest degenerations of real 
nonsingular curves in | — 2K^ lL | on RF4 (Theorems [TJ] and [15]) . 
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1. Introduction 

Let F m (m > 0) be the m-th Hirzebruch surface, i.e., the ruled surface over P 1 having an excep- 
tional section s with s 2 = —m. Real structures, i.e., anti-holomorphic involutions, on Hirzebruch 
surfaces follows (See [2]): 

F = P 1 x P 1 has 4 real structures. 

F m (m : odd) has a unique real structure. 

F m (m > 2, even) has 2 real structures. 
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By a real m-th Hirzebruch surface (¥ m ,6) we mean a Hirzebruch surface ¥ m equipped with an 
anti-holomorphic involution 9. We say a complex curve A on (F m , 9) is real if 9(A) = A, namely, 
9 can be restricted to A. 

Problem 1. Classify nonsingular real curves in \ — 2Kf m \ on a real Hirzebruch surface (¥ m ,9). 

The isotopy types of nonsingular real curves in | — 2K-g m | on the real m-th Hirzebruch surface F m 
were classified by Nikulin and the author for m = 0, 1, 4 ([9]), and for m = 2, 3 Q10J). Actually, 
these articles investigate real 2-elementary K3 surfaces, i.e., real K3 surfaces with non-symplectic 
holomorphic involutions. If the fixed point set of the non-symplectic holomorphic involution is not 
empty, then it is a nonsingular anti-bi-canonical curve ([!]). Especially, in the cases treated in [9], 
Hirzebruch surfaces F m (m = 0, 1,4) appear as the quotient spaces of the holomorphic involutions, 
and in [TO], F m (m = 2, 3) appear. 

Problem 2. Classify real curves with one (nondegenerate) double point in | — 2K$ m \ on a real 
Hirzebruch surface (¥ m ,9). 

In this paper we consider the case m = 4. Real curves with one double point in | — 2i£p 4 | on real 
F4 are related to real 2-elementary K3 surfaces of type ((3, 1, 1), —1). In the next section we state 
the definition of the invariant ((3, 1, 1), —1). 

2. Real 2-elementary K3 surfaces 
2.1. Real 2-elementary K3 surfaces. 

Definition 1 (Real 2-elementary K3 surface). A triple (X,r,ip) is called a real K3 surface with 
non-symplectic (holomorphic) involution or real 2-elementary K3 surface if 

(1) (X, r) is a K3 surface X with a non-symplectic holomorphic involution t, i.e., '2-elementary 
K3 surface" 

(2) (p is an anti-holomorphic involution on X. 

(3) <y20T = TO(£> □ 

For a 2-elementary K3 surface (X, r), we denote by 

H 2+ (X,Z) 

the fixed part of r* : H 2 {X, Z) H 2 {X, Z). 

We fix an even unimodular lattice Lr- 3 of signature (3, 19). The isometry class of such lattices is 
unique (the K3 lattice). 

Let a : H 2 (X, Z) — > L^ 3 be an isometry (so-called a marking). If we set 

S:=a(H 2+ (X,Z)), 

then 5* is a primitive hyperbolic 2-elementary sublattice of the K3 lattice L^ 3 . We say 5" is the 
type of a 2-elementary K3 surface (X, r) ([7]). 

Now let S be a primitive hyperbolic 2-elementary sublattice of the K3 lattice L^3. 

Remark 1 ([T], [B]). It is known that there exists a unique primitive embedding S — > L^- 3 up to 
the automorphisms of h K3 . That is, if S, S' be primitive hyperbolic 2-elementary sublattices of 
the K3 lattice L^- 3 and S and S' are isometric, then there is an automorphism f of L^ 3 such that 
f(S f ) = S. □ 

Remark 2. Let (X, r) and (X',t') be two 2-elementary K3 surfaces. Suppose that H 2+ (X,Z*) and 
if 2 +(X',Z) are isometric. Let a : H 2 {X,%) — > L^3 be an isometry and set S := a(H 2+ (X, Z)). 
Let a' : H 2 (X',Z) — > h K3 be an isometry and set S' := a'(H 2+ (X' , Z)). Since H 2+ (X,Z) and 
H 2+ (X' ,Z) are isometric, S and S' are also isometric. By the preceding remark , there is an 

automorphism f of L^3 such that f(S') = S . Let us consider the new isometry f o a' . Then 
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(foa')(H 2+ (X',Z)) = f(S') = S. If we seta" := jo a', then it is concluded that a" : H 2 (X',Z) -> 
L^3 is an isometry (a marking) with the property that a"(H 2+ (X' , Z)) = S. □ 

Definition 2 (Genus invariants). VKe setr(S) := ranks'. TTie non-negative integer a(S) is defined 
by 

S*/S^ (Z/2Z) a(5) . 

We define 

r/o\ . _ / */ z ' r ( z ) = m °d 2 (Vz G L^ 3 ) 
1 1 otherwise, 

where we temporary set t : L^ 3 — > Lr- 3 to &e iae involution whose fixed part is S . (Remark that 
5(S) = if and only if (x*) 2 e Z for any x* 6 S*.) □ 

Remark 3 ([7J). The triplet (r(S),a(S),5(S)) determines the isometry class of S . □ 

Let (X, t, if) be a real 2-elementary K3 surface, namely, (X, r) is a 2-elementary K3 surface, 
i.e., a K3 surface X with a non-symplectic holomorphic involution r, and 9? is an anti-holomorphic 
involution on X with <p o r = r o <^>, and (X', r', <£>') also be a real 2-elementary K3 surface. 

If the fixed lattices H 2+ (X, Z) and H 2+ (X', Z) are isometric, then by the above remark, there 
exist markings a, a' such that a(H 2+ (X, Z) = a'(H 2+ (X', Z)) =: 5. 

Now let # be an involution of S*. We don't know whether we can moreover take a, a' such that 
a o <y?* = # o a on H 2+ (X, Z) and a' o (p'^ — o a' on H 2+ (X', Z) for the same 

Definition 3 (the action of <y? on H 2+ (X, Z)). Lei (X, r, y?) 6e a rea/ 2-elementary K3 surface. If 
there exists an isometry (a marking) 

a : H 2 (X,Z) = h K3 

swc/i £aat a;(i? 2 +(X, Z)) = S 1 and a o ip^ = 9 o a on H 2+ (X, Z) (the fixed part of t*). 

a 

H 2+ {X,Z) -> 5 

# 2+ (X,Z) -»• 5 

a, 

iaen we ca/Z (X, r, <p) a 2-elementary K3 surface of type (S,9). □ 
Definition 4 (marked real 2-elementary K3 surfaces). ^4 pazr 

(pf,T,</?), a) 

0/ a rea/ 2-elementary K3 surface (X, r, y?) 0/ type (S", 0) and an isometry (a marking) 

a : H 2 (X,Z) = h K3 

swc/i t/iai a(i?2+(X, Z)) = S* and aoip^ = 9oa on H 2+ (X, Z) is called a marked real 2-elementary 
K3 surface of type (S,9). □ 

2.2. Involutions of the K3 lattice L^ 3 of type (S,9). 

Definition 5 (Involutions ip of L^ 3 of type (S,9)). Let S be a hyperbolic 2-elementary sublattice 
ofh K3 , 9 : S — > S be an involution of lattice S, and ip : h K3 — > JL K3 be an involution of the lattice 
h K3 such that ip(S) = S, ip\ s = 9. 

S c h K3 
9 1 I tjj 
S C h K3 

We say such a pair (L^ 3 , ip) (or tp) an involution of hj< 3 of type (S, 9). □ 
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Remark 4. Let {(X, r, (p, ) a) be a marked real 2- elementary K3 surface of type (S, 9). If we set 

ijj := a o ip* o a" 1 : h K3 -)> L# 3 , 

tfien we have ^(S) = aop, oa- 1 («(if 2+ (X, Z))) = aop t (ff 2+ (I, Z)) = #oa(# 2+ (X, Z)) = 0(5) = 
5. For every x E S, ip(x) = ao^ t o = 9 o a o = #(a;) because G H 2+ (X, Z). 

Hence, (h K3 ,ip) is an involution ofh K3 of type (S,9). □ 

Definition 6 (the associated involution). We call the involution if) := a o ip* ° a -1 o/ fa/pe 

(5, 0) the associated (integral) involution of Lr- 3 with a marked real 2-elementary K3 
surface ((X,T,<p,) a) of type (S,9). 

a 

H 2 (X,Z) -> L K3 

v?* 4 ?P I 

H 2 (X,Z) -> L K3 
a 

We now introduce the subgroup "G" of W^ -4 )^, L).m. It is the real analogy of the group 
W^(S,L) M . See [9] for the definitions of W^{S, L) M e.t.c. 

Definition 7 (The group G, see [H]). Vl^e define G to be the subgroup generated by reflections sg 1 in 
all elements 5\ G A(S, L)(~ 4 ^ which are contained in S + or S- s$ 1 commutes with 6) and such 
that s Sl (M) = M. □ 

Remark 5. For example, if (S, 6) = ((2) © (-2), -1), ((3, 1, 1), -1), then we have G = {l s }. □ 

Definition 8. Let (h K3 ,ipi) and (h K3 ,ip 2 ) be two involutions ofh K3 of type (S,9). An isometry 
with respect to the group G from (ILx3, ^i) to (LojV^) means an isometry 

f '■ La' 3 — > Lx3 
such that ip2 / = / f(S) = S, and f\ s G G. 

f 

1L K3 — > 1L K3 

4>i 4 4 4>2 

f 

Remark that 9 o f\ s = f\ s o 9 on S, namely, f\ s is an automorphism of (S, 9). 

Definition 9. Two involutions (L.K-3,^1) and (Lr^,^) of type (S,9) are isometric with respect 

to the group G if there exists an isometry with respect to the group G from (1^3,^1) to (Lx3, ^2)- 
□ 

Definition 10. By an automorphism of an involution (L^,^) with respect to the group 

G of type (S,9) we mean an isometry with respect to the group G from (L,K3,tp) to itself. Namely, 
an isometry f : L^3 —> Lr- 3 which satisfies that ip o f = f o ip, f(S) = S and f\ s G G. □ 

Definition 11 (analytically isomorphic with respect to G). Two marked real 2-elementary K3 sur- 
faces ({X, r, (p), a) and {(X', t', <p'), a') of type (S, 9) are (analytically) isomorphic with respect 

to the group G if there exists an analytic isomorphism f : X — > X' such that for = r' o f , 
f o (p = ip' o / and oi o o a _1 |S G G. □ 

If two marked real 2-elementary K3 surfaces ((X,r,<p),a) and ((X',T , ,<p , ),a / of type (S, 9) are 

(analytically) isomorphic with respect to the group G, then we have the following commutative 
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diagrams. 
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Here we set ip := a o ip t o a 1 and ^' := a' o o a' 1 . They are the associated involutions of L^ 3 . 

o^ 1 /* a' 

5 -> H 2+ (X,Z) ->• H 2+ (X',Z) -> 5 

4 v 5 * 4 v 5 '* 4 4 # 

5 ->• # 2+ (X,Z) -)• # 2+ (X',Z) ->• 5 
a -1 /* a' 

Thus we see that 

Remark 6. // iiuo marked real 2-elementary K3 surfaces ((X, r, </?), a) and ((X', r', <//), a') o/ iype 
(S", #) are (analytically) isomorphic with respect to the group G, then their associated involutions ip 
and ip' ofh K3 are isometric with respect to the group G. □ 



Let ((X, r, </?), a) and ((X', r', <//), a') be two marked real 2-elementary K3 surfaces of type (S, 0). 
Suppose that their associated involutions ip and ip' of Lr- 3 are isometric with respect to the group 
G. They are not necessarily analytically isomorphic, and there exists an isometry with respect to 
the group G from (L^,^) to (IL^ 3 , ■?//), namely, there exists an isometry 

/ : ^K3 ^->K3 

such that ip' o f = f o -0, f(S) = S, and /| 5 G G. 

f 

^K3 ^K3 

ip 4 4 V 

^K3 —> ^K3 
f 

We have a' o ip'^ o c/ -1 of — f o a o ip* o a -1 , and f~ x o a' o tp'^ o a'^ 1 o f = a o ip* o a -1 . Hence, 
(f^ 1 o a') o o (f^ 1 o a') -1 = a o tp* o a -1 = ip. 

Here, (J^ 1 o a') : L^ 3 ->■ L^ 3 is an isometry and (f~ l o a')(H 2+ (X', Z)) = = 5, and 

° «') o = /- 1 o (a' o y?'J = f^ o (0 o «') on H 2+ (X', Z). 

If we suppose that G = {Is}, then /| 5 = I5 and we have (J™ 1 o a') o^ 4 = 0oa' on H 2+ (X', Z). 
Hence, o a') : L^- 3 — > L^- 3 is another marking of (X',r',ip f ). If we take this new marking of 
(X', t', <//), then its associated involution is nothing but ip, which is the same as ((X, r, ip), a). Thus 
we see that 

Remark 7. Suppose that G = {Is}- If two marked real 2-elementary K3 surfaces ((X, r, ip), a) and 
((X', r', <//), o/) of type (S,9) have the isometric associated involutions ofh K3 (with respect to the 
group G = {Is}), then, by replacing their markings appropriately if necessary, they have just the 
same associated involution. □ 
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2.3. Periods of marked real 2-elementary K3 surfaces. Let us fix an involution (L^,^) 

of type (S, 9) through this subsection, (cf. Remark [71) 
We set 

n ■= {u o) G Lks ® C | u ■ u = 0, u ■ ZJ > 0, oj ■ S = 0, Vc(w) = uJ}/R*. 

Let ((X, r, 97), a) be a marked real 2-elementary K3 surface of type (S, 9) satisfying 

a o (p„ o a -1 = ip : 

namely, ip is the associated involution with ((X, r, <p,) a). 

We denote by H (c # 2 (^, C)) the Poincare dual of H 2fi (X). Then, we have 

c*c(#) efl. 

Definition 12 (Periods). VKe say ac(H) the period of a marked real 2-elementary K3 surface 
(X, t, (p, a) of type (S, 9) satisfying «o^o a -1 = ip. □ 

Remark 8. A point in Q is not necessarily the period of a marked real 2-elementary K3 surface of 
type (S, 9) satisfying ao^o a^ 1 = ip. Moreover, of course, it is not necessarily the period of some 
marked real 2-elementary K3 surface of type (S, 9) satisfying a o ip* o a' 1 = ij) which has some 
required properties. □ 

Definition 13 (Equivalence). We say two points [u], [u f ] (g Q) are equivalent if one of two 

is obtained by the other from an automorphism of (Lk 3 ,?/>) with respect to the group G. (Recall 
Definition Q3 ) □ 

Remark 9. Suppose that [u>] is equivalent to [u/]. If [u>] is the period of some marked real 2- 
elementary K3 surface of type (S, 9) satisfying ao^,o a -1 = ip, then so [u/] is. □ 

Let us describe the domain Q. It has two connected components which are interchanged by — ip. 
Since —ip is an automorphism of (L^,^) with respect to the group G, it is sufficient that we 
investigate the quotient space 

n/-if> 

from the point of view of the "equivalence" (Remark^. 
For (Lr-3, we set 

L± := {x G L^ 3 | ip(x) = ±x}. 
Obviously, L± depend on the integral involution ip. 

For [u>] G Q (cj G ~Lr3 <8> C), we have the decomposition 

co = u + + w_, 

where u± G L± (g) R. 

We now restrict ourselves the case S C L_, namely, 9 = — 1. and suppose that G = {Is}. 

We set 

L_ j5 := L_ n S ± . 

Since uj- G L_ 5 s £g> R and w+ = oj 2 _ > 0, we see that L + , L_ ; s is a hyperbolic lattice, i.e., has 
one positive square. 

Let £ + , be the Lobachevsky spaces (hyperbolic spaces) obtained from L + £g> R, L_ # eg) R 

respectively. Then we have 

ft/ — if) = C + x £-,5 (a direct product). 
We shall use this domain fi/ - -0 for (5, 0) = ((2) © (-2), -1), ((3, 1, 1), -1) later. 



3. 2-ELEMENTARY K3 SURFACES OF TYPE (3, 1, 1) 



In this paper we especially study real 2-elementary K3 surfaces of type ((r(S), a(S), S(S)), 9) = 
((3,1,1),-1). 

Fact 1 (Alexeev and Nikulin [TJ). Let (X,t) be a 2-elementary K3 surface of type S = (3,1,1). 
We have the following. 

• The fixed point curve A := X T is contained in | — 2Kx\, and 

A = Aq U A\ (disjoint union), 

where Aq is a nonsingular rational curve (= F 1 ) with Aq = —2 and A\ is a nonsingular 
curve of genus 9. 

• (X, r) has a structure of an elliptic pencil \E + F\ with its section A Q and a unique 

reducible fiber E + F satisfying the following conditions: 

(i) : E is a nonsingular rational curve with E 2 = —2 and E ■ A = 1. 

(ii) : E ■ F = 2, F 2 = —2, F ■ A = O^and F is either 

(1) a nonsingular rational curve (Ai type), or 

(2) the union of two nonsingular rational curves F' and F" which are conjugate by r 
and F' ■ F" = 1. (A 2 type) 

(iii) : The elliptic pencil does not have other reducible fibres. 

(iv) : r is the inverse map (of the group) on each elliptic fibre. 

(v) : A , E and F generate the lattice H 2+ {X,'L) (= S). □ 

Moreover, we have A\ ■ E — 1, A\ • F — 2. Thus we have the Gram matrix of the lattice S with 
respect to the basis E, F and A Q of H 2+ (X, Z) (= S): 

E F A 
E -2 
F 2 -2 
Aq I 0-2 

Hence, the discriminant group S*/S is a 2-elementary group of rank a(S) = 1. The element 
F/2 e S* has (F/2) 2 = -1/2 £ Z. Hence, we have 5(S) = 1. 

We consider the quotient surface 

Y:=X/{1,t} 
(so-called "DPN surface", see p] or [9]) and let 

7T : X -> Y 

be the quotient map. We set 

e:=ir(E) and / := n(F). 

Here, if F is of A2 type (see Fact [1]), i.e., F is the union of two nonsingular rational curves F' 
and F" which are conjugate by r and F' ■ F" = 1, then / = 11(F) = ir(F' U F") = ir(F') = tt(F"). 

Since 

A = Aq U Ai (disjoint union) 

is the fixed point curve of r, we use the same symbols Aq and A\ for their images in Y by 7r. 

Then, the Picard group Pic(F) of Y is generated by the curves e, / and Aq. We have the Gram 
matrix of Pic(Y) with respect to the basis e, / and Aq as follows: 

e / Aq 
e -1 

/ 1 "I 
A Q I 0-4 
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Remark 10 ([10]). For any 2- elementary K3 surface (X, r) of type (3, 1, 1), all exceptional curves 
on the quotient surface Y are exactly the curves e, / and A . Hence, Y has no exceptional curves 
with square (—2), and {X,t) is "D-nondegenerate" in the sense of [9]. □ 

Moreover, for the curve A±, we have 

A 1 -e = l and A 1 ■ f = 2. 

Remark 11 (cf. Fact[T](ii), see also RemarMT2l below. ) . We have the following. 

(1) F is a nonsingular rational curve on X. -<=>- A\ intersects f in two distinct points on Y . 

(2) F is a union of two nonsingular rational curves on X . •<=>- A\ touches f on Y . □ 



bl(A) = bl(Ao) + bl(Ai) e|-2fT F4 | 
.•:=bl(A)), K ■= bl(A), c:=bl(e) 



4. Real 2-elementary K3 surfaces of type ((3, 1,1), -1) 

We now consider real 2-elementary K3 surfaces (X,r,ip) of type ((3, 1, l),0). We use the same 
notation as the preceding section. As in [10], the induced anti-holomorphic involution y? m od T on Y 
should send each of Aq, e and / to itself changing its orientation. Thus we have 

6 = -I. 

Contracting the exceptional curve / = tt(F) on Y to a point, we get a map onto the 4-th 
Hirzebruch surface 

bl : Y ->■ F 4 . 

We have 
and we set 
Namely, 

b\(A) = s + A' 1 e\-2K ¥ A. 

Then s is the exceptional section of F4 with s 2 = —4, and c is a fiber of the fibration F4 — > s. 
Since s ■ A[ = 0, A[ does not intersect the section s. One has c 2 = 0. We have 

-2K ¥i ~ 12c + 4s. 

It follows 

A[ e|12c + 3s|. 

Remark 12 (cf. Remark [TT| . Since A\ ■ f = 2 in Y , the curve A\ has one real double point. 

(1) A\ intersects with f at two distinct points^ in Y. 
<^=^ The double point of A[ is nondegenerate. 

(2) A\ touches to f in Y . 

<^=^ The double point of A[ is degenerate. 
See Figure U\ in Section below. □ 

Remark 13 (Blow down of Y to F 3 , see [1 0J ) . If we contract the exceptional curve e = tt{E) ofY 
to a point, then we get a map onto the 3-th Hirzebruch surface F3; 

bb : Y F 3 

Then s := bli(Ao) is the exceptional section 0/F3 with s 2 = —3 and c := bli(/) is a fiber. Since 
bli(A) = s + bb(Ai) G I - 2i^F 3 | and K ¥s ~ -2s - he, we have b\i(A) ~ 4s + 10c. And 

A l :=bli(Ai) (~3s + 10c) 

is a nonsingular curve of genus 9. The classification of A\ was done in [10J. □ 



They are two different real points (— > a real node) or two different non-real conjugate points (— > a real isolated 
point). 
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5. Enumeration of real 2-elementary K3 surfaces of type ((3, 1, 1), — 1) 

As mentioned in Remark [TOl for any 2-elementary K3 surface (X, r) of type (3, 1, 1), the quotient 
surface Y has no exceptional curves with square —2 and hence, (X, r) is D-nondegenerate in the 
sense of 0. For any real 2-elementary K3 surface (X,T,<p) of type (S, 0) = ((3, 1,1),— 1) (recall 
SectiorHJ), we have S = 5_ and hence, (X, r, <p) is DM-nondegenerate in the sense of [9]. 

Remark 14. G = {l s } for the case (S, 9) = ((3, 1, 1), -1) (recall Definition^. □ 

Therefore, by Theorem 1 of [9], the connected components of the moduli of real 2-elementary 
K3 surfaces (X,T,<p) of type ((3, 1,1),— 1) are in one to one (bijective) correspondence with the 
isometry classes of involutions of L^ 3 of type ((3, 1, 1), —1). 

Moreover, by Theorem 14 and Proposition 15 of [9], each genus determines the isometry classe. 
The complete genus invariants can be enumerated by the more general results of Nikulin [S] . 

Remark that we have an orthogonal decomposition 

S ^ U © Z(F) 

with respect to the basis Aq + E + F, E + F, and F, where U is the hyperbolic even unimodular 
lattice of signature (1, 1), and Z(F) = (-2). 

Hence, the enumeration can be reduced to the invariants of "polarized integral involutions" 
(|S])§3). In this case all necessary calculations are already done in Theorem 3.4.3 of [6j. Since 

| U = 1 and tp* | U = —1, a triplet (if 2 (^, Z), T*, y?*) defines a polarized integral involution 
(Li,ipi,F), where Li := V 1 - in H 2 (X,Z), and it is an even unimodular lattice of signature 
(2, 18), if i = tp* | Li and L\ x is hyperbolic, ipi(F) = —F and F 2 = —2. 

We temporary set 

(L,r,(p) := (H 2 (X,Z),T*,<pi). 
The complete isometry invariants of the integral involution (L, r, (p) are 

(5.1) (r((p),a(<p),5 v ,5 vF ,5 F ((p)), 

where r(ip) := rankL^ G N; ((Lt)*/L v ) = (Z/2Z) a ^ where a(ip) > is an integer; 5^ G {0,1} is 
equal to if and only if x ■ <p(x) = mod 2 for any x G L; 5 v f G {0, 1} is equal to if and only if 
x ■ <p(x) = x ■ F mod 2 for any and o~f{<p) G {0, 1} is equal to if and only if x ■ F = mod 2 

for any x G L v . 

Instead of 5^, 5^ and o~f(<p), we also have other invariants: 
the subgroup 

H(<p) (C Z/2Z(F) = 2S*/2S), 

the invariant 

S vS e{0,l}, 

and the "characteristic element" ([§]) 

v G H(cp) 

when d^s = 0. The v is not defined when d^s = 1- They are related as follows: H((p) = if and 
only if 5f{^) = 1; S v = if and only if d^s = and v = mod 2S; 5 v f = if and only if 8 v s = 
and v ~ F mod 2S; and 5 v s = 1 if and only if 5^ = 5^ = 1- 

Note that by Conditions 1.8.1 of jg], ^ = implies f%) = 0. Hence, if H{tp) = Z/2Z{F) and 
^5 — 0, then 8^ — 1, equivalently, v — [F]. 

Thus we get the following correspondence: 



8<p, 8tpF, 5f{v) 




0, 1, 1 

1, 1, 1 
1, 0, 
1, 1, 


0, 

1, 

0, Z/2Z(F) 

1, Z/2Z(F) 



<) 



Thus, the data (15. ip is just equivalent to the data 
(5.2) (r(<p), a(<p), 8^, H(<p)). 

For all possible data Q, see Table Q] (H(ip) = case) and Table H (H(<p) = Z /21(F) case) 
where or 1 in each cell stands for the value of S^s- 

There are 12 data of Type (=>- H(ip) = 0), 12 data of Type la , 39 data of Type lb with 
H(<p) = 0, and 39 data of Type lb with H(<p) = Z/2Z(F). 
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Table 1. All possible data (r, a, S^s) for H(ip) = 0. 
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Table 2. All possible data (r, a, 5 vS ) for H(<p) = Z/2Z(F). 



By simple direct calculations or applying [9], Theorem 11 and Corollary 13), one finds how in- 
variants (15.11) of (p and those of its "related involution Q9])" cp = r o ip are calculated from each 
other: 

r(<p) + r(tp) = 19; a(ip) + 5 F (ip) = a(jp) + 5 F (ip); 
S F ((p) + 5 F ((p) = 1; % = 5 vF \ 5p F = 5 V . 

Theorem 1 ([9], [ID]). There are exactly 102 connected components of the moduli of real 2- 
elementary K3 surfaces of type ((3, 1, 1), —1). Identifying "related" pairs of anti-holomorphic 
involutions on the K3 surfaces, there are exactly 51 connected components. □ □ 

We mention about some topological interpretations of genus invariants. 

Definition 14 (Dividing curves). In general, let A be a possibly disconnected nonsingular complex 
compact curve with an anti-holomorphic involution ip, and IRA the fixed point set of (p. We say 
(A, ip) (or simply, A) is dividing (or type I) if [MA] = in H^A; Z/2Z). □ 

2 The moduli of real nonsingular curves A 6 | — 2K^ 3 \ up to the action of Au^F^/R). 
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Theorem 2 ([10]). Let (X,r,ip) be a real 2 -elementary K3 surface of type (S,6), and A = X T be 
the fixed point set of r in X. Assume that A is non-empty. Then, the real curve A is dividing if 
and only if d^s = 0. □ 

For ((3, 1, 1), —1) case, we have A = A U A\ where A = P 1 and A\ has genus 9. Since A is 
always dividing, A is dividing if and only if Ai is dividing. Then Theorem [1] is rephrased as follows: 

Theorem 3 ([ID])- The connected component of the moduli of real 2-elementary K3 surfaces of type 
((3, 1, 1), —1) is determined by the isotopy type of the half domain^ A- := 7r(X v (IR)) (c T"(M.) ) 
and the dividingness of the curve A\ . □ 

6. Real parts of real 2-elementary K3 surfaces X of type ((3, 1,1),— 1) and their 

QUOTIENT SURFACES Y 

6.1. The half domains A + and A- in K(M). Let (X, r, if) be a real 2-elementary K3 surface of 
type ((3, 1, 1), —1). We use the notation in Section HI Let X^R) denote the real part (the fixed 
point set of if) of the real K3 surface (X, if). Note that JT^R) is always non-empty ( [10J ) . 

Let Y (R) be the real part of the quotient surface (DPN surface) Y with the real structure Wod r- 
The real part RA = RA U RAi of the branch curve A divides Y(R) into two half domains 

A + , A_. 

Of course, each half domain A± might have several connected components. One of the half domains 
A + and A_ is doubly covered by the real part X V (R), and the other by the real part X^(R), where 
we set if := r o if. We call ([9]) <p the related involution of ip. 

Remark 15 (Topological interpretation of Sp{if), PS])- Recall that there are two kinds of curves 
F, which are irreducible and reducible (Fac%]\ Remar Wn\ and Remar WHty . But we can always take 
the curve F irreducible (= F 1 ) in the same connected component of the moduli ([9J) of 
real 2-elementary K3 surfaces of type ((3, 1, 1), — 1), equivalently, in the same isometry class 
of involutions o/L^ 3 of type ((3, 1, 1), —1). □ 

Since X^R) is non-empty, by [9], we have: 

Lemma 4. If we take the curve F irreducible, then we have 

S F (if) = [F V (R)] = in tfipf^R); Z/2Z). 

We distinguish the two half domains A + and A_ using F as follows. 

Definition 15 (The half domains A + and AJ). For a real 2-elementary K3 surface [X,r,ip) of 
type ((3, 1, 1), —1), we define the half domains A + and A^ (c Y(M.) ) as follows: 

f A + := n(X v (R)) if 5 F {ip) = (^ [F V (R)] = in H^X^R); Z/2Z)), 
\ A^ := n(X v (R)) if 5 F (ip) = 1 (^ [F V (R)] ^ in H^X^R); Z/2Z)). 

Note that if b~F{f) = 0, then 8p{ip) = 1. 

6.2. Real curves RA[ in |12c + 3s| with one real double point on MF 4 . Recall (Section HJ) 
that s := bl(Ao) is the exceptional section with s 2 = —4, and c := bl(e) is a fiber of F 4 , 

A[ :=bl(Ai) (C F 4 ) and A[ G |12c + 3s| 

The curve / is contracted to a point on the fiber c via the map bl. We set 

P := bl(/). (the contracting point) 

As stated above, Pq is a unique (possibly degenerate) double point of A[. 

There are three real isotopy types of the double point Pq (cf. Remar HT^]) : 

3 It is called the "positive curve" in [9]. See also Subsection 16. II below. 
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Node case: If A\ intersects with / at two different real points, then the real point P is a node 

of ma;. 

Cusp case: If A\ touches to / at one real point, then the real point Pq is a cusp of M.A[. 
(degenerate double point) 

Isolated point case: If A\ intersects with / at two different non-real conjugate points, then the 
two points commute by <f mo d r an d the real point Pq is an isolated point of M.A[. 
See Figure [Q below. 




F 4 



Figure 1 . The real double point Pq of the curve A[ 



Due to 0, we posess the moduli (up to Aut(F 4 /M)) of real curves in | — 2K ¥4 \ with one real 
double point. However, we see that the connected components of this moduli ([9]) can not 
distinguish the real isotopy types (nodes, cusps, or isolated points) of these real double 
points. We want to classify the real isotopy types of these real double points Pq of the curves M.A[. 

We have A[ ■ s = and A' x • c — 3. Since / • Aq = in Y, the section s does not meet the point 
Pq. We may assume that e does not pass through any intersection point of Ai and / in Y. (See 
Figured!) Since A\ • e = 1 in Y, the intersection point of A\ with e is real and does not meet /. 
Via the map bl, this point goes to a real intersection point of A[ with c with multiplicity 1. Thus 

we set 

P\ := b\(Ai fl e). (the intersection point) 

Since A[ ■ c = 3, A[ intersects with c at Pq with multiplicity 2 and at Pi with multiplicity 1. 

Since A\ D s — 0, any non-contractible (possibly real singular) components of the real part 
RA[ are "parallel" to Ms. See Figur^ Figun}3] and Figured 





c 








s 

> - 



Figure 2. Non-contractible component with Node (*) 

We call a connected component of M.A[ an oval if it has no real singular points and contractible 
in MF 4 ~ T 2 (2-torus), that is, realizes in i?!(MF 4 ; Z). Since A[ ■ c = 3, the interior of each oval 
of M.A[ does not contain any other ovals. 
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FIGURE 3. Non-contractible component with a cusp or without singular points 



We now classify all possible cases. 
NODE case: 

Node (1) case: We consider the case when both the node Po and the intersection point Pi are 
contained in the same connected (singular) component of WA[. Then WA[ meets IRc at only P 
and Pi, and the component above is not contractible. See Figure HI ~RA[ may have some ovals. 




Figure 4. Non-contractible component with Node (1) 

i does not contain other ovals. The interior of the 



Since A[ ■ c = 3, the interior of any oval of 
node also does not contain ovals. 

The non-contractible component containing P and Pi and the section Ws divide MF 4 (2- 
torus) into three parts, which are the interior of the node and two noncontractible domains. 

Definition 16 (The regions Pi and P2 in Node (1) case). Let P x denote the noncontractible 
region which is connected with the interior of the node in the blow up of KF4, and let 
R2 denote the other noncontractible region. We define the numbers a and (3 as follows: 

, s a := #{ovals contained in Pi}, 

[3 := #{ovals contained in P2}. 

See the left figure of Figure □ 




* 


QMS 


a 


R1 




s 



Figure 5. Node (1) and Node (2), The regions Pi and P 2 
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Node (2) case and Node (*) case: When the node Pq and the intersection point P-y respec- 
tively are contained in different connected components of MA'y, the component containing Pi is 
nonsingular and not contractible like the rightmost figure of Figure [3] above. The component con- 
taining Pq can be either contractible (the left figure of Figure E]) or non-contractible (Figure 

ED. 




Figure 6. Contractible component with a node or a cusp 

Node (2) case: When the component containing the node Pq is contractible (the left figure 
of Figure E]), M.A[ might have some ovals. The component containing P\ and the section Ms 
divide MF4 into two regions. 

Definition 17 (The regions Ri and R2 in Node (2) case). Let R\ denote the region which does 
not contain the contractible component containing the node Pq, and let R2 denote the 
other region. (Since A[ ■ c = 3, the interior of the contractible component containing Pq and the 
interior of any oval of JL4.1 cannot contain any other ovals.) We define the numbers a and ft by 
j[6.1\) . See the right figure of Figure □ 

Node (*) case: When the component containing the node Pq is non-contractible (Figure E]), 
JL4.J has no ovals (Figure [7J). 



A 


A 










s 



Figure 7. Node (*) 



CUSP case: 

Cusp (1): When both the cusp Pq and the point P\ are contained in the same connected 
component of WLA[, JL4.J meets Rc at only Pq and Pi, and the component containing Pq and P\ is not 
contractible (the leftmost figure of Figure [3]) • M.A[ might have some ovals. The non-contractible 
component containing Pq and Pi and the section Ms divide MF4 into two regions (the left 
figure of Figure |SJ) • 

One of these regions goes to a non-orientable region via the blow up of MF 4 . 

Definition 18 (The regions Pi and P2 in Cusp (1) case). Let P2 denote the region which goes 
to a non-orientable region via the blow up 0/MF4. and let Pi denote the other region. (Since 
A' x -c— 3 ; the interior of any oval o/RAl does not contain any other ovals.) We define the numbers 
a and (3 by K6. See the left figure of Figure^ □ 
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Figure 8. Cusp (1) and Cusp (2) 



Cusp (2) When the cusp Pq and P\ respectively are contained in different connected compo- 
nents of WAi, the component containing Pi is not contractible (the right figure of Figure [3]). The 
component containing the cusp Pq should be contractible (the right figure of Figure E]). (If not, 
then this component would be like the middle figure of Figure [3] and the number of the intersection 
points of with Mc would be even. This contradicts with A[ ■ c = 3.) M.A[ might have some 
ovals. The component containing Pi and the section Ms divide MF 4 into two regions. 

Definition 19 (The regions R± and R 2 in Cusp (2) case). Let Ri denote the region which does not 
contain the contractible component which contains the cusp Pq, and let R 2 denote the other region, 
(the right figure of Figure^ (Since A[ - c = 3, the interior of any oval o/RAl does not contain any 
ovals.) We define the numbers a and (3 by A6.1\) . See the right figure of Figured above. □ 

ISOLATED POINT case: 

In this case the connected component containing Pi is nonsingular and non-contractible like the 
right figure of Figure [3J M.A[ might have some ovals. The component containing Pi and the 
section Wis divide 1RF 4 into two regions. 

Definition 20 (The regions R\ and R 2 in Isolated point case). Let Ri denote the region which 
does not contain the isolated point, and let R 2 denote the other region. (Since A[ ■ c = 3, the 
interior of any oval of BL4i does not contain any other ovals.) We define the numbers a and (3 by 
( GOP . See Figured □ 



isolated point 


c 






a 






s 



Figure 9. Isolated point 
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Theorem 5. From the above arguments, there are 6 types of curves M.A[ in |12c + 3s\ with one 
double point on RF 4 as in Tabled □ 




II 



" O ■ ■ ■ O 



Node (jgj 



.? ■■-O; 


Ri 




> 



III 



Node (*) 



\ 


1 








> — 



Table 3. All cases for real curves with one real double point in | — 2i^p 4 | on RF4 



6.3. The real parts of K3 surfaces X and their quotient surfaces Y via the blow up of 

F4. Now we determine the topology of the real parts X^(R) and X^(R) of a real 2-elementary K3 
surface (X,r, <p) of type ((3, 1, 1), —1), and the real part F(R) of the quotient surface Y with the 
real structure (p mo d r- 

Recall each cases in Table |3j 
I. Node (1), Cusp (1) and Isolated point cases. 

In these cases, by the definitions of the half domains A± and Ri, R2, we see that 

• A + is homeomorphic to the disjont union of (an annulus with a holes) and (/3 disks), and 

• A^ is homeomorphic to the disjiont union of (((an annulus \D 2 )U Mobius band) with 
holes) and (a disks). 

For example, see Figure [TD] for Node case (1). 

Suppose that the invariant Sf{<p) = 1 for the involution (p. We take F to be irreducible as 
mentioned above. Then we have [X<p(R) fl F] 7^ and 7r(X„(R)) = A_. On the other hand, for tp, 
we have [X$(R) H F] = and tt(X^(R)) = A+. 

We can say that 

a = ^{ovals whose interiors are contained in bl(A_)}, and 
(3 = ^{ovals whose interiors are contained in bl(A + )}. 

Thus we have 

X 9 (R) ~ £ 2+/3 U aS 2 . 
Moreover, we have (r{<p),a{<p),6{<p)) ^ (10,10,0), (10,8,0), 

r ((p) = 9 + a - {), a(<p) = 9-a-P, and if (y^) = 0. 
because 8p{ip) = 1. On the other hand, we have 

X^(R) ~ S 1+Q U f3S 2 . 
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((annulus - D ) u Mobius) with fi holes 



annulus with a holes 



bl 





.0 ■ --o. C 
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s 

/ 



Figure 10. The half domains A + and A_. Node case (1) 

Hence, we have (r(£), a((p), 8(fi)) ^ (10,10,0), (10,8,0), 

r{jp) = lO-a + 0, a(fi) = 10 - a - 0, and H(tp) = Z/2Z(F). 

(We omit the cusp case and isolated point case.) 

II. Node (2) and Cusp (2) cases. 

In these cases, by the definitions of the half domains A± and R\, R2, we see that 

• A + is homeomorphic to the disjont union of (an annulus with a holes) and ((0 + 1) disks), 
and 

• v4_ is homeomorphic to the disjiont union of (((an annulus \D 2 )U Mobius band) with 
(0 + 1) holes) and (a disks). 

For example, See Figure [TT1 for Node (2). 

Suppose that A_ = ir(X v (M.)), namely, the invariant Sp(if) = 1 for the involution ip. Then we 
have 

X V (R) ~ S 2+(/3+1) U aS 2 . 
Moreover, we have (r(^), a{<p), <%)) + (10, 10, 0), (10, 8, 0), 

r(ip) = 8 + a - 0, a(ip) = 8 - a - 0, and H(ip) = 

because 5p((p) = 1. 

On the other hand, we have A + = 7r(X^(M.)) and 

Xgs(R) ~ S 1+Q U (/3 + 1)5 2 , 

Moreover, we have (r((p),a((p),6((p)) ^ (10,10,0), (10,8,0), 

r(<p) = ll-a + p, a(lp) = 9-a-P, and H(<p) = Z /21(F). 

(Here we omit the cusp cases.) 

III. Node (*) case. 

In this case, we see that 

• A + is homeomorhic to D 2 \ 2D 2 and 

• A- is the disjiont union of an Mobius band and an annulus. 
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Figure 11. The half domains A + and A_. Node (2) 
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See Figure 

Suppose that, for <p, A 



and 



Figure 12. The half domains A + and Node (*) 

7i(Xp(M.)). Then we see that 



XJR) ~T 2 UT 2 



A + = tt(X ? (R)), X^(M)~S 2 . 
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Moreover, we have 

H^) = and (rfa),a(p),%)) = (10,8,0), 

and hence J^s = and v = 0. 
On the other hand, we have 

(r($,a($,#($) = (9,9,Z/2Z(F)) 

and 5^5 = 0, v ~ F. 

6.4. Isotopy types of real curves RA^ in |12c + 3s| with one real double point on RF 4 . 
In Node and Cusp cases, the number of connected components of M.A[ equals to that of connected 
components of JL4.J.. Hence, we have 

1 — ^{Connected components of R^} < 10. 
In Node (1) and Cusp (1) cases, we have 

< a + (3 < 9. 

If for ip, A- = 7r(X (/ ,(R)), namely, the invariant ^(v 9 ) = 1> then a + = 9 — a(ip). 

In Node (2) and Cusp (2) cases, we have 

< a + (3 < 8. 

If for ip, = 7r(X (/ ,(R)), namely, the invariant ^(v 9 ) = I5 then a + = 8 — a(ip). 

In Isolated point case, the number of connected components of WLA^ equals to that of connected 
components of IL4i plus 1. 
Hence, we have 

2 < ^{Connected components of RA^} < 11. 

Hence, we have 

< a + (3 < 9. 

If for <f, A_ = 7r(X v (R)), namely, the invariant Sp((p) = 1, then a + (3 = 8 — a(<p). 

We already have all the isometry classes (Theorem [T], Table [T] and Table [2]) obtained from curves 
M.A[ in 1 12c + 3s| with one double point on RF4. 
Thus we have: 

Theorem 6. For each isometry class with H(ip) = (<^ ^(v 9 ) = 1)? we up all possible 
isotopy types of curves WLA[ in |12c + 3s| with one nondegenerate double point on RF4 as 
in Table\4\ below, and for each isometry class with H(ip) = Z/2Z(F) (<^ <5f(<^) = 0), as in Table 
Note that the isometry class No.k and the isometry class No.k' are related involutions for each 
k = 1,...,50. The isometry class (10,8,0, H(<p) = 0) and (9,9,0, H{tp) = Z/2Z(F)) are also 
related involutions. Here, we consider only nondegenerate double points. □ 
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3 


2 


3 2 


3 


1 




32 


10 


6 





3 


2 


2 


1 


2 


1 


2 







33 


10 


6 


1 


3 


2 


2 


1 


2 


1 


2 









10 


8 





2 


1 
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34 


10 


8 


1 


2 


1 


1 





1 









35 


11 


1 


1 


5 


5 


5 


3 


5 


3 


5 


2 




36 


11 


3 


1 


4 


4 


4 


2 


4 


2 


4 


1 




37 


11 


5 


1 


3 


3 


3 


1 


3 


1 


3 







38 


11 


7 


1 


2 


2 


2 





2 









39 


12 


2 


1 


4 


5 


5 


2 


5 


2 


5 


1 




40 


12 


4 


1 


3 


4 


4 


1 


4 


1 


4 







41 


12 


6 


1 


2 


3 


3 





3 









42 


13 


3 


1 


3 


5 


5 


1 


5 


1 


5 







43 


13 


5 


1 


2 


4 


4 





4 









44 


14 


2 





3 


6 


6 


1 


6 


1 


6 







45 


14 


4 





2 


5 


5 





5 









46 


14 


4 


1 


2 


5 


5 





5 









47 


15 


3 


1 


2 


6 


6 





6 









48 


16 


2 


1 


2 


7 


7 





7 









49 


17 


1 


1 


2 


8 


8 


8 






50 


18 








2 


9 


9 





9 










TABLE 4. Possible isotopy types of curves RA[ for each isometry classe of type ((3, 1, 1), —1) with 

H{fp) = 
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Isomctry class 

of type ((3,1,1),-!) 




Node (1) 


Isolated point 


Node (2) 


1NOQC ^ ) 


No. 


r 


a 




9 


k 


a 




a 




a 


P 




1' 


18 


2 


1 


1 


8 


8 


8 





7 




2' 


17 


1 





2 


8 


1 8 


1 8 


1 


7 




3' 


17 


3 





1 


7 





7 





7 





6 




4' 


17 


3 


1 


1 


7 





7 





7 





6 




5' 


16 


2 


1 


2 


7 


1 


7 


1 


7 


1 


6 




6' 


16 


4 


1 


1 


6 





6 





6 





5 




7' 


15 


3 


1 


2 


6 


1 


6 


1 


6 


1 


5 




8' 


15 


5 


1 


1 


5 





5 





5 





4 




9' 


14 


4 


1 


2 


5 


1 


5 


1 


5 


1 


4 




10' 


14 


6 


1 


1 


4 





4 





4 





3 




11' 


13 


3 





3 


5 


2 


5 


2 


5 


2 


4 




12' 


13 


5 





2 


4 


1 


4 


1 


4 


1 


3 




13' 


13 


5 


1 


2 


4 


1 


4 


1 


4 


1 


3 




14' 


13 


7 


1 


1 


3 


3 





3 





2 




15' 


12 


4 


1 


3 


4 


2 4 


2 4 


2 3 




16' 


12 


6 


1 


2 


3 


1 


3 


1 


3 


1 


2 




17' 


12 


8 


1 


1 


2 





2 





2 





1 




18' 


11 


3 


1 


4 


4 


3 


4 


3 


4 


3 


3 




19' 


11 


5 


1 


3 


3 


2 


3 


2 


3 


2 


2 




20' 


11 


7 


1 


2 


2 


1 


2 


1 


2 


1 


1 




21' 


11 


9 


1 


1 


1 





1 





1 










22' 


10 


2 


1 


5 


4 


4 


4 


4 


4 


4 


3 




23' 


10 


4 


1 


4 


3 


3 


3 


3 


3 


3 


2 




24' 


10 


6 


1 


3 


2 


2 


2 


2 


2 


2 


1 




25' 


10 


8 


1 


2 


1 


1 


1 


1 


1 


1 







26' 


10 


10 


1 


1 





















27' 


9 


1 





6 


4 


5 


4 


5 


4 


5 


3 




28' 


9 


3 





5 


3 


4 


3 


4 


3 


4 


2 




29' 


9 


3 


1 


5 


3 


4 


3 


4 


3 


4 


2 




30' 


9 


5 





4 


2 


3 


2 


3 


2 


3 1 




31' 


9 


5 


1 


4 


2 


3 


2 


3 


2 


3 


1 




32' 


9 


7 





3 


1 


2 


1 


2 


1 


2 







33' 


9 


7 


1 


3 


1 


2 


1 


2 


1 


2 









9 


9 





2 





1 





1 









34' 


9 


9 


1 


2 





1 





1 









35' 


8 


2 


1 


6 


3 


5 


3 


5 


3 


5 


2 




36' 


8 


4 


1 


5 


2 


4 


2 


4 


2 


4 


1 




37' 


8 


6 


1 


4 


1 


3 


1 


3 


1 


3 







38' 


8 


8 


1 


3 





2 





2 









39' 


7 


3 


1 


6 


2 


5 


2 


5 


2 


5 


1 




40' 


7 


5 


1 


5 


1 


4 


1 


4 


1 


4 







41' 


7 


7 


1 


4 





3 





3 









42' 


6 


4 


1 


6 


1 


5 


1 


5 


1 


5 







43' 


6 


6 


1 


5 





4 





4 









44' 


5 


3 





7 


1 


6 


1 


6 


1 


6 







45' 


5 


5 





6 





5 





5 









46' 


5 


5 


1 


6 





5 





5 









47' 


4 


4 


1 


7 





6 





6 









48' 


3 


3 


1 


8 





7 





7 









49' 


2 


2 


1 


9 





8 


8 






50' 


1 


1 





10 





9 





9 










TABLE 5. Possible isotopy types of curves M.A[ for each isometry class of type ((3, 1, 1), —1) with 

H{ip) = Z/2Z(F) 
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For convenience, we distinguish the anti-holomorphic involutions <p± on X as follows: 
Definition 21 (Definition of <p>±). We define the anti-holomorphic involutions (p± on X such that 

A± = n(X ip± (R)). 

Namely, the fixed point sets of ip± doubly- cover the half domains A± (Definition [73]) respectively. 
□ 

Hence, if H{<p) = (<=> 5 F {ip) = 1 <S> [F V (R)] + in Hi(X v (R); Z/2Z)) for a real 2-elementary 
K3 surface (X, r, ip) of type ((3, 1, 1), —1), then we have 

A_ = tt(X^(M)) 

and 

:= ip and <p + :— <p — r o <p. 

6.5. Next questions. From Tables H] and EJ we found that an isometry class of involutions of the 
K3 lattice L^ 3 of type ((3, 1,1),— 1) might contain several isotopy types (for example, Node 
(1), Isolated point and Node (2)) of real curves M.A[ with one real nondegenerate double point on 
RF4. Equivalently, a connected component of the moduli ([9]) of real 2-elementary K3 surfaces of 
type ((3, 1, 1), —1) might contain several isotopy types of real curves RA[. Hence, we next want to 
classify these isotopy types of real nondegenerate double points. 

It is expected that we could be helped by the method of Itenberg's rigid isotopic classification 
of real curves of degree 6 on MP 2 with one nondegenerate double point (j3],[l],[5]). This 
classification corresponds to that of real nonsingular curves A in | — 2K^ 1 1 on MF^ when we blow up 
P 2 at the nondegenerate double point to the Hirzebruch surface Fi. The double coverings X of Fi 
ramified along the nonsingular curves A are real 2-elementary K3 surfaces of type ((2) © (—2), —1). 

Moreover, the classification of real curves of degree 6 on MP 2 with one nondegenerate double point 
is related to the "non-increasing simplest degenerations" (conjunctions and contractions) of 
real nonsingular curves of degree 6 on MP 2 . Hence, it is expected that we should pay attention to 
the degenerations of real nonsingular curves in | — 2K^ 4 \ on PJF 4 . 

We are also interested in the correspondence of the graphs describing degenerations of nonsingular 
curves and the Coxeter graphs ([H], [3], jl]) which are obtained from isometry classes of involutions 
of the K3 lattice ~L K3 of type ((3, 1, 1), —1). 

7. Real curves of degree 6 with one nondegenerate double point - Itenberg's 

arguments - 

In this section we review Itenberg's methods and arguments ([3], [I])- 

7.1. Real curve of degree 6 on P 2 with one real nondegenerate double point. Let A be 

a real curve of degree 6 on P 2 with one real nondegenerate double point. We blow up P 2 at the 
nondegenerate double point to the Hirzebruch surface Fj. We get the proper transform (nonsingular 
curve) A' (c Fj) of A. A' is contained in | — 2K Fl \. Then the double covering 

X 

of Fi ramified along A' is a K3 surfaces. Let r : X — > X be its covering transformation. 

The complex conjugation on P 2 is lifted into the anti-holomorphic involution on Fj. Moreover, 
it is lifted into two anti-holomorphic involutions <p and <p', where <p' = r o on the K3 surface X. 
Let h be the preimage (c X) of the total transform in Fi of P 1 (c P 2 ). Let 5 be the exceptional 
section of Fi. Then we have 

h 2 = 2, 5 2 = -2, and h-5 = 0. 
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The elements h and 5 generate the fixed part of r*, i.e., H 2+ {X\7j). Obviously we have (p*(h) = 
—h, <f\(h) = —h, <p*(5) = —5, <£>'*(£) = —5. Thus, (X,r,(p) and (X,r,(p') are real 2-elementary 
K3 surfaces of type 

«2>©<-2),-l). 

Let RA be the real part of A. RA devide RP 2 into two half domains RP 2 nner and ]RPj^ er , 
which could be {/ > 0} and {/ < 0} respectively, where / is a defining real homogenious sextic 
polynomial of the curve A. 

Convention: If one of two sets is non-orientable, then we can take RP 2 uter non-orientable, 
which contains so-called the "outermost" compoent. 

Definition 22. We define if and <p' such that the fixed point set X V (R) of if covers RP 2 uter 
and X^R) covers RPl ner . □ 

7.2. The period domain and its connected components. We set (S, 0) := ((2) © (— 2),— 1). 
Let h', 5' be generators of lattices (2), (—2) respectively. Note that we have the group G = {Is} 
for(S,#):=((2)©(-2),-l). 

We describe an outline of Itenberg [3J 's argument as below. 

Fix an involution (h K3 ,ip) of type ((2) © (—2), —1) and use the notation 

Q/ -if) = £+ x £_ s , 
e.t.c. defined in Subsections 12.11 — 12.31 

Lemma 7 (Itenberg [3J, p. 281, a criterion). For [co] G ft/ — if), [u] is the period of a marked 
real 2-elementary K3 surface obtained from a real curve of degree 6 on RP 2 with one 
nondegenerate double point, if and only if there are no v ±5') (g Lx3) satisfying that 
v . w = 0, v-/i' = 0andv 2 = -2. □ 

(— 2)-orthogonal hyperplanes and reflections against them. The reflection on C + against 
the real hyperplane v -1 where v is an element of L + with square —2 is welldefined and it sends a 
point in Q/ — if) to its equivalent point. So is the reflection on £_,5 against the real hyperplane \- L 
where v is an element of ^ with square —2. Hence, let 

Q + (respectively, £l- t s) 

be the open fundamental domains with respect to the groups generated by the reflections 
against the real hyperplanes v 1 - satisfying v 2 = —2 and v G L + (respectively, ~L-,s) an d we 
consider the direct product 

fi + x Q_ ,g. 

The periods of marked real 2-elementary K3 surfaces (X, r, ip, a) obtained from some real curves of 
degree 6 with one nondegenerate double point and satsfying atp^a" 1 = if) (see above) belong to 
Q + x Q~ t s up to equivalence. 

(— 6)-orthogonal hyperplanes. We have removed the real hyperplanes v -1 such that either 
v G L + or v G L_ ) 5. Moreover, we have to remove more u) = u + + u_ orthogonal to some v such 
that v (^ ±5' (G h K3 )), v • h! = 0, v 2 = -2, v £ L + and v £ L_ jS . 
Let v = v + + v_ where v + G L + © Q, v_ G L_ © Q. We set 

L_ h * := L_ n (/i') ± - 

Since 2v_ G L_, we have 2v_ G L^/. If u> = u + + w_ G Q + x £l- 7 s> then v_ ^ 0. In fact, if v_ = 0, 
then v = v + G L + and such u) has already been removed. Now we consider two cases. 

a) v + = 0. If v = v_ does not belong to L-^, then let v f _ be the projection of v_ on L_ t 5 © Q. 
Since ~h/(S © S- 1 ) is 2-elementary, we have 2v'_ G L_ )( g, and v = v_ = v'_ + (±l)/2 5'. Hence we 
have 

(2v'_) 2 = -6 and 2v'_ = 5' mod 2L K3 . 
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Conversely, suppose that u;_ • 2v'_ = for some 2v'_ G L_ 5 with 

(2v'_) 2 = -6 and 2v'_ = 5' mod 2L K3 . 

Then, for w = ui + + w_ G Q + x fi-^, we have 

w . v = (w + + w_) • (v'_ + (1/2)5') = w_ • (v'_ + (1/2)5') = w_ ■ v'_ = 0. 

Therefore, we have to remove such u from + x Q-^s- So, we remove some (— 6)-orthogonal real 
hyperplanes from £l- t s, arid we get a collection of open polytopes 

Qt }S (z = l,2,...). 

b) v+ ^ 0. We have -2 = (v) 2 = (v+) 2 + (v_) 2 = (v+ - v_) 2 . If v+ + v_, v+ - v_, 5' are 
linearly dependent, then we can easily check that 

(2v+) 2 = -6 and 2v+ = 5' mod 2h K3 . 

Of course, 2v + G L + . We have to remove u = u + + w_ satisfying u + ■ 2v + = for 2v + G L + as 
above. So, we remove some (— 6)-orthogonal real hyperplanes from Q + , and we get a collection 
of open polytopes 

(.7 = 1,2,...). 

The real linear subspace Z. If v + + v_, v + — v_, 5' are linearly independent, then we have to 
remove an appropriate real linear subspace Z of real codimension > 2. Finally, we get 

Theorem 8 (Itenberg [3J, p. 282). The image of our period map (the period domain) is 

LK* «*-.*) \z. 

Remark that The number of connected compoments of IJ^ Q 3 + x Q l _ s does not change 

after we remove the set Z from it. 

Moreover, each class [u>] corresponds to a unique (up to projective equivalence) marked real 
2-elementary K3 surface obtained from a real curve of degree 6 with one nondegenerate double 
point. 

Remark 16. For (Lk3,tP), either L + or L-^ does not contain any element v such that v = 
5' (mod 2h K3 ). Hence, we have the following. 

7/L_ 5 5 contains an element v such that v = 5' (mod 2L^ 3 ) ; then L + does not contain any v such 

that v = 8' (mod 2Lr- 3 ), and hence, \^Vt^ + consists of a single polytope. 

3 

7/L_ 5 does not contain any v such that v = 6' (mod 2L^- 3 ) ; then [J^L 5 consists of a single 

i 

polytope. □ 

Definition 23 (Itenberg [3J, p.282, Definition of Qf p2 ). 

s if contains an element v such that v = 6' (mod 2h K3 ), 

i 

[^J^+ if L_ 5 does not contain any element v such that v = 8 1 (mod 2L^- 3 ). 

3 

Then, we have: 

Theorem 9 (Itenberg [3J, Theorem 2.1). We fix0 an involution (JLks,iP) of type ((2) © (—2), —1). 
Rigid isotopy classes (up to projective equivalence) of real curves of degree 6 with one nondegenerate 
double point which yield marked real 2-elementary K3 surfaces ((X, r, if), a) satisfy ot(p*a~ l = ip are 



4 Recall Remark [7] 
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in one to one (bijective) correspondence with the connected components ("polytopes") (considered 
up to equivalence ) of £lf p . □ 

Remark 17. Here we can choose (see Remark [Tb]) an anti-holomorphic involution (ip or <p' ') on 
the K3 surface X such that L_ 5 s contains an element v such that v = 8' (mod 2L^3). Hence, 
we may assume that (see Definition Ufty) 

nr=U 

i 

7.3. The Coxeter graph C and the graph K. We are fixing an involution (L^ 3 ,7/>) of type 
((2) © (—2), —1) and the elements h', 6' are generators of (2), (—2) respectively. Let 

C-,h' 

be the Lobachevsky space obtained from L_ ^/ ® M. (Here, the element h! corresponds to the 
preimage (c X) of the total transform in Fi of P 1 (c P 2 ), and (h') 2 = 2.) 

The group generated by the reflections against real hyperplanes v such that v 6 L_ ^ with 
v 2 = —2 acts on C- } h>- Let 

be its fundamental domain having a face which is orthogonal to 6', and let 

C 

be the Coxeter graph (see Vinberg [TT]) of fi_. 

Definition 24 (Itenberg [3], p. 283). We define the graph K as follows. 

• Let C be the graph obtained from C by removing all thick or dotted edges. @ 

• Consider the group which consists of symmetries of C obtained from some automorphisms 
of (Lr-3, t/>, hf). Let C" be the graph which is the quotient of C by the group. 

• Let e be the vertex in C which corresponds to 5' , and e' be the class in C" containing e. 

• Let K be the connected component of C" containing e' . □ 

Theorem 10 (Itenberg [3], Proposition 3.1). The number of polytopes (up to equivalence) in Qf p2 
coincides with that of vertices of the graph K. □ 

7.4. Degenerations of nonsingular real curves of degree 6, the graph P and P' . We 

next describe the rigid isotopy classes in Theorem [9] from the point of view of degenerations of 
nonsingular sextic curves. 

Let Co be a real curve of degree 6 with one nondegenerate double pointD For such a curve Cq, 
we consider a smoothing C t (t G R) such that 

jjjovals of nonsingular curves Ct_ 1 } > Jj{ovals OI nonsingular curves Ct x } 

for any t_i < and any < ti. We call ([3J) a family C t (t_i < t < 0) non-increasing simplest 
degeneration of C t _ 1 to C . □ 

We regard a real curves of degree 6 with one nondegenerate double point as the results of some 
non-increasing simplest degeneration of a real nonsingular curves of degree 6 as follows. 

• Conjunction 1) The conjunction of the outermost oval and an empty oval in the exterior 

of the outermost oval. 

• Conjunction 1') The conjunction of the outermost oval and an empty oval in the interior 

of the outermost oval. 

• Conjunction 2) The conjunction of two empty ovals in the exterior of the outermost 
oval. 

5 Two vertices are connected by thick or dotted edges if their value of the biliear form > 2. 
6 A family Ct (ii > t > 0) is called non-decreasing simplest degeneration of Ct t to Cq. 
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Figure 13. An example of the graphs K. ([3]) 

• Conjunction 2') The conjunction of two empty ovals in the interior of the outermost 
oval. 

• Contraction 3) The contraction of an empty oval in the exterior of the outermost oval. 

• Contraction 3') The contraction of an empty oval in the interior of the outermost oval. 

• Conjunction 4) The conjunction of the outermost oval with itself in such a way that the 
obtained curve is embedded in 1LP 2 like the union of two real lines. 

• Conjunction 5) The conjunction of an empty oval in the exterior of the outermost oval 
with itself in such a way that the obtained curve is embedded in M.P 2 like the union of two 
real lines. 

Lemma 11 (Itenberg [3], Proposition 3.3). Fix a real nonsingular curve A' of degree 6. 

• For real curves of degree 6 with one nondegenerate double point being the results of degen- 
erations of types 1) — 3) of the real nonsingular curve A' of degree 6, we should choose u ip" 
(see Definition 12E and Remark [77|) as the anti-holomorphic involutions on X. And for all 
marked real 2-elementary K3 surfaces ({X, r, ip), a), the associated involutions o/L^ 3 are 
isometric, namely, all such (X,r,(p) have their markings to the same involution of hxs- 

• For real curves of degree 6 with one nondegenerate double point being the results of degener- 
ations of types 1 ') — 3') of the real nonsingular curve A' of degree 6, we should choose "(p'" 
(see Definition UM and Remark [77|) as the anti-holomorphic involutions on X. And for all 
marked real 2-elementary K3 surfaces (X, r, tp'), the associated involutions (H 2 (X, Z), (y?')*) 
are isometric, namely, all such (X, r, ip') have their markings to the same involution of 
L K3 . □ 

Definition 25 (Itenberg j3], The graphs P and P'). We fix a nonsingular real curve A' of degree 
6 and define the graph P as follows. 

• The vertices of P are the rigid isotopy classes of real curves of degree 6 with one non- 
degenerate double point being the results of degenerations of types 1) — 3) of A' . 

• Two vertices of P are connected by a edge if one rigid isotopy class is obtained from the 
conjunction of ovals £\ and £2 of A' , and the other rigid isotopy class is obtained from the 
contraction of the oval £\ . 
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We define the graph P' Q similarly. □ 



Then we have 

Theorem 12 (Itenberg [3], Proposition 3.4). Fix a nonsingular real curve A' of degree 6. Get a 
real curves of degree 6 with one nondegenerate double point being the result of one of degenerations 
of types 1) — 3) of the nonsingular curve A' , and construct the graph K (Definition \2J$. Then, K 
is isomorphic to P. 



8. Degenerations of nonsingular real curves in |12c + 3s| on IRF 4 

8.1. Review of nonsingular real curves in | — 2Kj? 4 \ on MF 4 . This subsection is a review of 
the result of the last section of [9]. 
We consider the case 

S = U and 9 = -1. 

In this case Y := X/{l,r} = F 4 , and all real 2-elementary K3 surfaces are (D)-nondegenerate. 
The group G is trivial. Since U is unimodular, we have H {(p) = (cf. Section [5]) and 

OtpS — <V 

In this case the genus defines the isometry class of an involution (Lo, (p) of type (U, —1) and it 
is determined by the data 

(8.1) (r, a, 5^ = S v , v) 

where the "characteristic element" v — if S^s — (otherwise, v is not defined). The complete list 
of the data (18. ip is given in Figure [TH There are 14 isometry classes with 5^ = and 49 isometry 
classes with 5^ = 1. Thus we have 63 classes. 
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Figure 14. F 4 : All possible data (r,a,8 v ). (always H(ip) = 0) 



For "related involutions" ([S]), we have 

r(<p) + r((p) = 20, a(^) 



a(^) and 5 vS = %s, 



If we identify related involutions, there are 10 isometry classes with S v = and 27 isometry 
classes with 5^ = 1. Thus we have 37 classes. 

Let us consider the geometric interpretation of the above results. 



7 The vertices of P' are the rigid isotopy classes of real curves of degree 6 with one nondegenerate double 
point being the results of degenerations of types 1') — 3') of A' . Two vertices of P are connected by a edge if one 
rigid isotopy class is obtained from the conjunction of ovals Z\ and £2 of the nonsingular curve A' , and the other 
rigid isotopy class is obtained from the contraction of the oval £ 1 . 

8 In the same way, get a real curves of degree 6 with one nondegenerate double point being the result of one of 
degenerations of types 1') — 3') of the nonsingular curve A', and construct the graph K (Definition [M]). Then, K is 
isomorphic to P' . 
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Denote by s the exceptional rational section with s 2 = —4 of F 4 , and by c the fiber of the natural 
fibration / : F 4 — > s. One has c 2 = 0. We have —2K^ 4 = 12c + 4s. Thus, for A E | — 2K ¥4 \, one has 
A ■ s = -4. It follows 

A = s + A 1 

where A\ G 1 12c + 3s|. We have c • A\ — 3 and s • Ai = 0. 

It follows that a nonsingular A G | — 2K^ 4 \ has two irreducible components s and Aj. We 

describe the connected components of moduli of nonsingular curves A\ G 1 12c + 3s|. 

We mention that the lattice S = V = ZC + ZE where C = vr*(c) and £ = vr*(s)/2. We have 
C 2 = 0, E 2 = —2 and C ■ E — 1. Here, we denote by 7r : X — >■ Y = F4 the quotient map. 

If Y = IRF 4 is not empty, then IRF 4 is a torus and IRs is a circle giving a generator of the 
torus. The curves Rc where f(c) G Ms give another generator of the torus. It follows that a real 
curve IL4.1 belongs to the open cylinder MF 4 — Ms u>zt/i zts infinity identified with two copies o/Rs. 

Using c- Ai = 3, for both involutions tp and ro^, we get that a half domain (= "positive curve") 
A^ = 7rpsT^(]R)) with the invariants (18.11) has the isotopy type given in Figure [T5l 

In Figure [15] we assume that (r, a, 5^) 7^ (10, 10, 0). Then IRF 4 is a torus, and 

g = (22 - r - o)/2 and fc = (r - o)/2. 
If (r, a, <y = (10, 10, 0), namely, (r, a, 5^, u) = (10, 10, 0, 0), then 1RF 4 = 0. 




FIGURE 15. F 4 : A_ with (r,a,5 vS ,v) + (10, 8, 0,0), (10, 10, 0,0) and A_ with (r,a,S vS ,v) = (10,8,0,0) 



Theorem 13 (Nikulin and Saito [9]). A connected component of the moduli of the half domains 
(= real nonsingular "positive curves") A_ = tt(X^(M.)), A G | — 2Kf 4 \, up to the action of the 
automorphism group of ¥4 over IR is determined by the isotopy type and the invariant S v = S^s- AH 
possible data are presented in Figure See also Figure [731 □ 



8.2. Degenerations of nonsingular real curves in |12c + 3s| on RF 4 . We next consider "non- 
increasing simplest degenerations" (conjunctions, contractions) of nonsingular real curves in 

I - 2K ¥a \ = |12c + 4s| 

on MF 4 , which are analogies of Subsection 17.41 

As stated in the previous subsection, a nonsingular curve in | — 2Kf 4 \ has two irreducible com- 
ponents 

s and Ai, 

where A\ is a nonsingular curve in 

|12c + 3s|. 
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Let C be real curve in 1 12c + 3s | on F 4 with one nondegenerate double point. For such a curve 
C , we consider a smoothing C t (t e R) such that 

(j{ovals of nonsingular curves C f _ 1 } > (j{ovals of nonsingular curves C tl } 

for any t-i < and any < t\. 

We call a family C (t_i < t < 0) non-increasing simplest degeneration of C t _ 1 to Co- 

We want to regard a real curve ~RA[ in |12c + 3s| on F 4 with one nondegenerate double point 

as the result of some non-increasing simplest degeneration of a real nonsingular curve in 

1 12c + 3s| on F4 as follows. 

Definition 26 (Degenerations 1) — 3), 1') — 3'), 4) and 5)). First we fix each isometry class of 

integral involutions of type (U, — 1) with (r,a,6,pS) v ) (10,8,0,0), (10,10,0,0). Let us consider a 
corresponding real 2-elementary K3 surfaces (X,r,ip) of type (U, —1). Let tt : X — > X/r = F4 be 
the quotient map (double covering). Then we have a real nonsingular curve in |12c + 3s| on RF 4 . 
Suppose that the fixed point set X V (JRL) is homeomorphic to 

S 3 U kS 2 . 

Then the half domain ^(X^R)) (c RF 4 ) is the disjoint union of an annulus with (g — 1) holes and 
k disks. See Figure 1151 The boundary of the annulus with (g — 1) holes consists of one nontrivial 
component, Rs and (g — 1) empty ovals. 

• Conjunction 1) The conjunction of the nontrivial component and one of the (g — 1) empty 
ovals. Here, remark that the domain surrounded by the nontrivial component, Rs and the 
(g — 1) empty ovals is covered by the fixed point set of the anti-holomorphic involution p. 

• Conjunction 1') The conjunction of the nontrivial component and one of the k empty ovals. 
Here, remark that the domain surrounded by the nontrivial component, Rs and the k empty 
ovals is covered by the fixed point set of the related involution p> of the anti-holomorphic 
involution p. 

• Conjunction 2) The conjunction of two of the (g — 1) empty ovals. Here, remark that the 
domain surrounded by the nontrivial component, Rs and the (g — 1) empty ovals is covered 
by the fixed point set of the anti-holomorphic involution p. 

• Conjunction 2') The conjunction of two of the k empty ovals. Here, remark that the 
domain surrounded by the nontrivial component, Rs and the k empty ovals is covered by the 
fixed point set of the related involution p of the anti-holomorphic involution p. 

• Contraction 3) The contraction of one of the (g — 1) empty ovals. Here, remark that the 
domain surrounded by the nontrivial component, Rs and the (g — 1) empty ovals is covered 
by the fixed point set of the anti-holomorphic involution p. 

• Contraction 3') The contraction of one of the k empty ovals. Here, remark that the domain 
surrounded by the nontrivial component, Rs and the k empty ovals is covered by the fixed 
point set of the related involution <p of the anti-holomorphic involution p. 

We next consider the isometry class of integral involutions of type (U, — 1) with (r,a,5 v s,v) = 
(10,8,0,0). 

• Conjunction 4) The two nontrivial components conjunct and become the union of two real 
lines (Node (*)) in RF 4 . 

We finally consider the isometry class of integral involutions of type (U, —1) with (r, a, 6 v s, v) = 
(9,9,1) or (11,9,1). 

• Conjunction 5) An empty oval conjuncts with itself and becomes the union of two real lines 
(Node (*)) in RF 4 . □ 

See Figure dHl Compare with Figure [13 
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Figure 16. Nonsingular real curves in | — on MF4 and their degenerations. 
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Then we have: 

Theorem 14. We list up all possible non-increasing simplest degenerations in TableslB — 

for each isometry class of 63 involutions of type (U, —1) with the invariant (r, a, c^s, v )> equivalently, 
each pair of a real nonsingular curve in | — 2Kf 4 \ on F 4 and an anti-holomorphic involution ip on 
X. □ 



isometry class 

of type (U, -1) 
(nonsingular curve) 




conjunction 1) 


conjunction 2) 


contraction 3) 


conjunction 1') 


conjunction 2') 


contraction 3') 


->• Node (1) 


-> Node (2) 


— ¥ Isolated point 


r 


a 


5 V 


9 


fc 


3-1 




a,/3 


a, P 


1 


1 


1 


10 





9 


0, 8 


0, 7 


0, 8 


1 


1 


1 


10 





9 


impossible 


impossible 


impossible 


2 








10 


1 


9 


1, 8 


1, 7 


1, 8 


2 








10 


1 


9 


9, 


impossible 


9, 


2 


2 





9 





8 


0, 7 


0, 6 


0, 7 


2 


2 





9 





8 


impossible 


impossible 


impossible 


2 


2 


1 


9 





8 


0, 7 


0, 6 


0, 7 


2 


2 


1 


9 





8 


impossible 


impossible 


impossible 


3 


1 


1 


9 


1 


8 


1, 7 


1, 6 


1, 7 


3 


1 


1 


9 


1 


8 


8, 


impossible 


8, 


3 


3 


1 


8 





7 


0, 6 


0, 5 


0, 6 


3 


3 


1 


8 





7 


impossible 


impossible 


impossible 


4 


2 


1 


8 


1 


7 


1, 6 


1, 5 


1, 6 


4 


2 


1 


8 


1 


7 


7, 


impossible 


7, 


4 


4 


1 


7 





6 


0, 5 


0, 4 


0, 5 


4 


4 


1 


7 





6 


impossible 


impossible 


impossible 


5 


3 


1 


7 


1 


6 


1, 5 


1, 4 


1, 5 


5 


3 


1 


7 


1 


6 


6, 


impossible 


6, 


5 


5 


1 


6 





5 


0, 4 


0, 3 


0, 4 


5 


5 


1 


6 





5 


impossible 


impossible 


impossible 


6 


2 





7 


2 


6 


2, 5 


2, 4 


2, 5 


6 


2 





7 


2 


6 


6, 1 


6, 


6, 1 


6 


4 





6 


1 


5 


1, 4 


1, 3 


1, 4 


6 


4 





6 


1 


5 


5, 


impossible 


5, 


6 


4 


1 


6 


1 


5 


1, 4 


1, 3 


1, 4 


6 


4 


1 


6 


1 


5 


5, 


impossible 


5, 


6 


6 


1 


5 





4 


0, 3 


0, 2 


0, 3 


6 


6 


1 


5 





4 


impossible 


impossible 


impossible 


7 


3 


1 


6 


2 


5 


2, 4 


2, 3 


2, 4 


7 


3 


1 


6 


2 


5 


5, 1 


5, 


5, 1 


7 


5 


1 


5 


1 


4 


1, 3 


1, 2 


1, 3 


7 


5 


1 


5 


1 


4 


4, 


impossible 


4, 


7 


7 


1 


4 





3 


0, 2 


0, 1 


0, 2 


7 


7 


1 


4 





3 


impossible 


impossible 


impossible 


8 


2 


1 


6 


3 


5 


3, 4 


3, 3 


3, 4 


8 


2 


1 


6 


3 


5 


5, 2 


5, 1 


5, 2 


8 


4 


1 


5 


2 


4 


2, 3 


2, 2 


2, 3 


8 


4 


1 


5 


2 


4 


4, 1 


4, 


4, 1 


8 


6 


1 


4 


1 


3 


1, 2 


1, 1 


1, 2 


8 


6 


1 


4 


1 


3 


3, 


impossible 


3, 


8 


8 


1 


3 





2 


0, 1 


0, 


0, 1 


8 


8 


1 


3 





2 


impossible 


impossible 


impossible 



Table 6. Nonsingular real curves in | — 2K^ 4 \ on RF 4 and their possible degenerations. 
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isomctry class 

of type (U,-l) 
(nonsingular curve) 




conjunction 1) 


conjunction 2) 


contraction 3) 


conjunction 1') 


conjunction 2') 


contraction 3') 


-> Node (1) 


-> Node (2) 


— > Isolated point 


r 


a 


S v 


9 


k 


9-1 


a,/3 


a, P 


a,P 


9 


1 


1 


6 


4 


5 


4, 4 


4, 3 


4, 4 


9 


1 


1 


6 


4 


5 


5, 3 


5, 2 


5, 3 


9 


3 


1 


5 


3 


4 


3, 3 


3, 2 


3, 3 


9 


3 


1 


5 


3 


4 


4, 2 


4, 1 


4, 2 


9 


5 


1 


4 


2 


3 


2, 2 


2, 1 


2, 2 


9 


5 


1 


4 


2 


3 


3, 1 


3, 


3, 1 


9 


7 


1 


3 


1 


2 


1, 1 


1, 


1, 1 


9 


7 


1 


3 


1 


2 


2, 


impossible 


2, 


9 


9 


1 


2 





1 


0, 


impossible 


0, 


9 


9 


1 


2 





1 


impossible 


impossible 


impossible 


9 


9 


1 


2 





1 


conjunction 5)— > Node (*) 


10 








6 


5 


5 


5, 4 


5, 3 


5, 4 


10 








6 


5 


5 


5, 4 


5, 3 


5, 4 


10 


2 





5 


4 


4 


4, 3 


4, 2 


4, 3 


10 


2 





5 


4 


4 


4, 3 


4, 2 


4, 3 


10 


2 


1 


5 


4 


4 


4, 3 


4, 2 


4, 3 


10 


2 


1 


5 


4 


4 


4, 3 


4, 2 


4, 3 


10 


4 





4 


3 


3 


3, 2 


3, 1 


3, 2 


10 


4 





4 


3 




3 2 


3, 1 


3 2 


10 


4 


1 


4 


3 


3 


3, 2 


3, 1 


3, 2 


10 


4 


1 


4 


3 


3 


3, 2 


3, 1 


3, 2 


10 


6 





3 


2 


2 


2, 1 


2, 


2, 1 


10 


6 





3 


2 


2 


2, 1 


2, 


2, 1 


10 


6 


1 


3 


2 


2 


2, 1 


2, 


2, 1 


10 


6 


1 


3 


2 


2 


2, 1 


2, 


2, 1 


10 


8 







conjunction 4)^ Node (*) 


10 


8 


1 


2 


1 


1 


1, o 


impossible 


1, o 


10 


8 


1 


2 


1 


1 


1, 


impossible 


1, o 


10 


10 





(the empty real structure) 




10 


10 


1 


1 








impossible 


impossible 


impossible 


10 


10 


1 


1 








impossible 


impossible 


impossible 


11 


1 


1 


5 


5 


4 


5, 3 


5, 2 


5, 3 


11 


1 


1 


5 


5 


4 


4, 4 


4, 3 


4, 4 


11 


3 


1 


4 


4 


3 


4, 2 


4, 1 


4, 2 


11 


3 


1 


4 


4 


3 


3, 3 


3, 2 


3, 3 


11 


5 


1 


3 


3 


2 


3, 1 


3, 


3, 1 


11 


5 


1 


3 


3 


2 


2, 2 


2, 1 


2 2 


11 


7 


1 


2 


2 


1 


2, 


impossible 


2, 


11 


7 


1 


2 


2 


1 


1, 1 


1, 


1, 1 


11 


9 


1 


1 


1 





impossible 


impossible 


impossible 


11 


9 


1 


1 


1 





0, 


impossible 


0, 


11 


9 


1 


1 


1 





conjunction 5)— > Node (*) 



Table 7. Nonsingular real curves in | — 2K Wi \ on IRF 4 and their possible degener- 
ations, (continued) 
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isometry class 








conjunction 1) 


conjunction 2) 


contraction 3) 


of type (U,-l) 








conjunction 1') 


conjunction 2') 


contraction 3') 


(nonsin 


gular curve) 








->■ Node (1) 


->■ Node (2) 


— > Isolated point 


r 


a 


S^p 


9 


k 


3-1 


Q,/3 


a,[S 




12 


2 


1 


4 


5 


3 


5, 2 


5, 1 


5, 2 


12 


2 


1 


4 


5 


3 


3, 4 


3, 3 


3, 4 


12 


4 


1 


3 


4 


2 


4, 1 


4, 


4, 1 


12 


4 


1 


3 


4 


2 


2, 3 


2, 2 


2, 3 


12 


6 


1 


2 


3 


1 


3, 


impossible 


3, 


12 


6 


1 


2 


3 


1 


1, 2 


1, 1 


1, 2 


12 


8 


1 


1 


2 





impossible 


impossible 


impossible 


12 


8 


1 


1 


2 





0, 1 


0, 


0, 1 


13 


3 


1 


3 


5 


2 


5, 1 


5, 


5, 1 


13 


3 


1 


3 


5 


2 


2, 4 


2, 3 


2, 4 


13 


5 


1 


2 


4 


1 


4, 


impossible 


4, 


13 


5 


1 


2 


4 


1 


1, 3 


1, 2 


1, 2 


13 


7 


1 


1 


3 





impossible 


impossible 


impossible 


13 


7 


1 


1 


3 





0, 2 


0, 1 


0, 2 


14 


2 





3 


6 


2 


6, 1 


6, 


6, 1 


14 


2 





3 


6 


2 


2, 5 


2, 4 


2, 5 


14 


4 





2 


5 


1 


5, 


impossible 


5, 


14 


4 





2 


5 


1 


1, 4 


1, 3 


1, 4 


14 


4 


1 


2 


5 


1 


5, 


impossible 


5, 


14 


4 


1 


2 


5 


1 


1, 4 


1, 3 


1, 4 


14 


6 


1 


1 


4 





impossible 


impossible 


impossible 


14 


6 


1 


1 


4 





0, 3 


0, 2 


0, 3 


15 


3 


1 


2 


6 


1 


6, 


impossible 


6, 


15 


3 


1 


2 


6 


1 


1, 5 


1, 4 


1, 5 


15 


5 


1 


1 


5 


o 


impossible 


impossible 


impossible 


15 


5 


1 


1 


5 





0, 4 


0, 3 


0, 4 


16 


2 


1 


2 


7 


1 


7, 


impossible 


7, 


16 


2 


1 


2 


7 


1 


1, 6 


1, 5 


1, 6 


16 


4 


1 


1 


6 





impossible 


impossible 


impossible 


16 


4 


1 


1 


6 





0, 5 


0, 4 


0, 5 


17 


1 


1 


2 


8 


1 


8, 


impossible 


8, 


17 


1 


1 


2 


8 


1 


1, 7 


1, 6 


1, 7 


17 


3 


1 


1 


7 





impossible 


impossible 


impossible 


17 


3 


1 


1 


7 





0, 6 


0, 5 


0, 6 


18 








2 


9 


1 


9, 


impossible 


9, 


18 








2 


9 


1 


1, 8 


1, 7 


1, 8 


18 


2 





1 


8 





impossible 


impossible 


impossible 


18 


2 





1 


8 





0, 7 


0, 6 


0, 7 


18 


2 


1 


1 


8 





impossible 


impossible 


impossible 


18 


2 


1 


1 


8 





0, 7 


0, 6 


0, 7 


19 


1 


1 


1 


9 





impossible 


impossible 


impossible 


19 


1 


1 


1 


9 





0, 8 


0, 7 


0, 8 



Table 8. Nonsingular real curves in | — 2K ¥a \ on IRF 4 and their possible degener- 
ations, (continued) 
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Now let us re-arrange the above data. We remove impossible cases. 

Theorem 15. • The degenerations conjunction 1) conjunction 2) contraction 3) of nonsin- 
gular curves are listed in Table [9J 

• the degenerations conjunction I 7 ) conjunction 2') contraction 3') of nonsingular curves are 
listed in Table QUI 

• The degenerations conjunction 4) of nonsingular curves are listed in Table and 

• The degenerations conjunction 5) of nonsingular curves are listed in Table 1121 □ 



isomctry class 

of type (U,-l) 
(nonsingular curve) 




conjunction 1) 


conjunction 2) 


contraction 3) 




-> Nodc(l) 


-> Node(2) 


— > Isolated point 


r 


a 




a 


fc 


3-1 


a,j8 


a,j8 


a,P 


No. 


1 


1 


1 


10 





9 


0, 8 


0, 7 


0, 8 


1 


2 








10 


1 


9 


1, 8 


1, 7 


1, 8 


2 


2 


2 





9 





8 


0, 7 


0, 6 


0, 7 


3 


2 


2 


1 


9 





8 


0, 7 


0, 6 


0, 7 


4 


3 


1 


1 


9 


1 


8 


1, 7 


1, 6 


lj 7 


5 


3 


3 


1 


8 





7 


0, 6 


0, 5 


0, 6 


6 


4 


2 


1 


8 


1 


7 


1, 6 


1, 5 


1, 6 


7 


4 


4 


1 


7 





6 


0, 5 


0, 4 


0, 5 


8 


5 


3 


1 


7 


1 


6 


1, 5 


lj 4 


1, 5 


9 


5 


5 


1 


6 





5 


0, 4 


0, 3 


0, 4 


10 


6 


2 





7 


2 


6 


2, 5 


2, 4 


2, 5 


11 


6 


4 





6 


1 


5 


1, 4 


1, 3 


1, 4 


12 


6 


4 


1 


6 


1 


5 


lj 4 


1, 3 


1, 4 


13 


6 


6 


1 


5 





4 


0, 3 


0, 2 


0, 3 


14 


7 


3 


1 


6 


2 


5 


2, 4 


2, 3 


2, 4 


15 


7 


5 


1 


5 


1 


4 


1, 3 


1, 2 


1, 3 


16 


7 


7 


1 


4 





3 


0, 2 


0, 1 


0, 2 


17 


8 


2 


1 


6 


3 


5 


3, 4 


3, 3 


3, 4 


18 


8 


4 


1 


5 


2 


4 


2, 3 


2, 2 


2, 3 


19 


8 


6 


1 


4 


1 


3 


1, 2 


1, 1 


lj 2 


20 


8 


8 


1 


3 





2 


0, 1 


0, 


0, 1 


21 


9 


1 


1 


6 


4 


5 


4, 4 


4, 3 


4, 4 


22 


9 


3 


1 


5 


3 


4 


3, 3 


3, 2 


3, 3 


23 


9 


5 


1 


4 


2 


3 


2, 2 


2, 1 


2, 2 


24 


9 


7 


1 


3 


1 


2 


1, 1 


1, 


lj 1 


25 


9 


9 


1 


2 





1 


0, 


impossible 


0, 


26 


10 








6 


5 


5 


5, 4 


5, 3 


5, 4 


27 


10 


2 





5 


4 


4 


4, 3 


4, 2 


4, 3 


28 


10 


2 


1 


5 


4 


4 


4, 3 


4, 2 


4, 3 


29 


10 


4 





4 


3 


3 


3, 2 


3, 1 


3, 2 


30 


10 


4 


1 


4 


3 


3 


3, 2 


3, 1 


3, 2 


31 


10 


6 





3 


2 


2 


2, 1 


2, 


2, 1 


32 


10 


6 


1 


3 


2 


2 


2, 1 


2, 


2, 1 


33 


10 


8 


1 


2 


1 


1 


1, 


impossible 


1, 


34 


11 


1 


1 


5 


5 


4 


5, 3 


5, 2 


5, 3 


35 


11 


3 


1 


4 


4 


3 


4, 2 


4, 1 


4, 2 


36 


11 


5 


1 


3 


3 


2 


3, 1 


3, 


3, 1 


37 


11 


7 


1 


2 


2 


1 


2, 


impossible 


2, 


38 


12 


2 


1 


4 


5 


3 


5, 2 


5, 1 


5, 2 


39 


12 


4 


1 


3 


4 


2 


4, 1 


4, 


4, 1 


40 


12 


6 


1 


2 


3 


1 


3, 


impossible 


3, 


41 


13 


3 


1 


3 


5 


2 


5, 1 


5, 


5, 1 


42 


13 


5 


1 


2 


4 


1 


4, 


impossible 


4, 


43 


14 


2 





3 


6 


2 


6, 1 


6, 


6, 1 


44 


14 


4 





2 


5 


1 


5, 


impossible 


5, 


45 


14 


4 


1 


2 


5 


1 


5, 


impossible 


5, 


46 


15 


3 


1 


2 


6 


1 


6, 


impossible 


6, 


47 


16 


2 


1 


2 


7 


1 


7, 


impossible 


7, 


48 


17 


1 


1 


2 


8 


1 


8, 


impossible 


8, 


49 


18 








2 


9 


1 


9, 


impossible 


9, 


50 



Table 9. F 4 : Conjunction 1), Conjunction 2) and Contraction 3) 
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isomctry class 

of type (U,-l) 
(nonsingular curve) 




J LlllL L1U11 _L J 


J LlllL L1U11 Zi 1 


C(JI1LI txC L1U11 O J 




— ► Nodc(l) 


— ► Node(2) 


— ^ Isolated point 


r 


a 


dtp 


g 


fc 


9-1 




a B 


a. 8 


No. 


19 


1 


1 


1 


9 





0, 8 


7 


0, 8 


1' 


18 








2 


9 


1 


1 8 


1 7 


1 8 


2' 


18 


2 





1 


8 





7 


0, 6 


7 


3' 


18 


2 


1 


1 


8 





0, 7 


0, 6 


0, 7 


4' 


17 


1 


1 


2 


8 


1 


1 7 


1, 6 


1, 7 


5' 


17 


3 


1 


1 


7 





6 


5 


6 


6' 


16 


2 


1 


2 


7 


1 


1, 6 


1, 5 


1, 6 


7' 


16 


4 


1 


1 


6 





0, 5 


0, 4 


0, 5 


8' 


15 


Q 


1 


2 


6 


1 


1 5 


1 4 


1 5 


9' 


15 


5 


1 


1 


5 





0, 4 


0, 3 


0, 4 


10' 


14 


2 





3 


6 


2 


2, 5 


2, 4 


2, 5 


11' 


14 


4 





2 


5 


1 


1 4 


1 3 


1 4 


12' 


14 


4 


1 


2 


5 


1 


1, 4 


1, 3 


1, 4 


13' 


14 


6 


1 


1 


4 





0, 3 


0, 2 


0, 3 


14' 


13 


3 


1 


3 


5 


2 


2, 4 


2, 3 


2, 4 


15' 


13 


5 


1 


2 


4 


1 


1 3 


1 2 


1) 2 


16' 


13 


7 


1 


1 


3 





0, 2 


1 


0, 2 


17' 


12 


2 


1 


4 


5 


3 


3 4 


3 3 


3, 4 


18' 


12 


4 


1 


3 


4 


2 


2, 3 


2, 2 


2, 3 


19' 


12 


6 


1 


2 


3 


1 


1, 2 


lj 1 


1, 2 


20' 


12 


8 


1 


1 


2 





0, 1 


0, 


0, 1 


21' 


11 


1 


1 


5 


5 


4 


4, 4 


4 3 


4, 4 


22' 


11 


3 


1 


4 


4 


3 


3, 3 


3 2 


3, 3 


23' 


11 


5 


1 


3 


3 


2 


2 2 


2 1 


2 2 


24' 


11 


7 


1 


2 


2 


1 


1) 1 


1, 


1 1 


25' 


11 


9 


1 


1 


1 





0, 


impossible 


0, 


26' 


10 








6 


5 


5 


5, 4 


5, 3 


5, 4 


27' 


10 


2 





5 


4 


4 


4, 3 


4 2 


4, 3 


28' 


10 


2 


1 


5 


4 


4 


4, 3 


4 2 


4, 3 


29' 


10 


4 





4 


3 


3 


3 2 


3 1 

a, J- 


3 2 


30' 


10 


4 


1 


4 


3 


3 


3, 2 


3 1 


3, 2 


31' 


10 


6 





3 


2 


2 


2, 1 


2, 


2, 1 


32' 


10 


6 


1 


3 


2 


2 


2, 1 


2, 


2, 1 


33' 


10 


8 


1 


2 


1 


1 


1, 


impossible 


1, 


34' 


9 


1 


1 


6 


4 


5 


5, 3 


5 2 


5, 3 


35' 


9 


3 


1 


5 


3 


4 


4, 2 


4 1 


4, 2 


36' 


9 


5 


1 


4 


2 


3 


3, 1 


3, 


3, 1 


37' 


9 


7 


1 


3 


1 


2 


2, 


impossible 


2, 


38' 


8 


2 


1 


6 


3 


5 


5, 2 


5 1 


5, 2 


39' 


8 


4 


1 


5 


2 


4 


4> 1 


4 


4> 1 


40' 


8 


6 


1 


4 


1 


3 


3 


impossible 


3 


41' 




Q 


1 


6 


2 


5 


5 1 


5 


5 1 


42' 


7 


5 


1 


5 


1 


4 


4, 


impossible 


4, 


43' 


6 


2 





7 


2 


6 


6, 1 


6, 


6, 1 


44' 


6 


4 





6 


1 


5 


5, 


impossible 


5, 


45' 


6 


4 


1 


6 


1 


5 


5, 


impossible 


5, 


46' 


5 


3 


1 


7 


1 


6 


6, 


impossible 


6, 


47' 


4 


2 


1 


8 


1 




7, 


impossible 


7, 


48' 


3 


1 


1 


9 


1 


8 


8, 


impossible 


8, 


49' 


2 








10 


1 


9 


9, 


impossible 


9, 


50' 



Table 10. F4: Conjunction 1'), Conjunction 2') and Contraction 3') 



isometry class 






of type (U, -1) 




conjunction 4) 


(nonsin 


gular curve) 






r 


a 


S v 


9 | k | 9 ~ 1 




10 


8 







Node (*) 


10 


8 





T' 1 U T 2 


Node (*) 



Table 11. F 4 : Conjunction 4) 
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isometry class 










of type (U, -1) 
(nonsingular curve) 








conjunction 5) 


r 


a 


S v 


9 


k 


9-1 




9 


9 


1 


2 





1 


Node (*) 


11 


9 


1 


1 


1 





Node (*) 



Table 12. F 4 : Conjunction 5) 



We can verify the following lemma, which is an analogy of Lemma dU by checking the data in 
the Tables [6] — M and Tables H] — [5] above. 

Lemma 16. Fix an isometry class of involutions of L^ 3 of type (U, — 1) with (r,a,5 ip s, v ) 7^ 
(10,8,0,0), (10,10,0,0), and find a corresponding real 2- elementary K3 surface (X,(p) of type 
(U, —1) and a real nonsingular curve A\ in |12c + 3s\ on RF 4 . 

• For real curves A[ with one nondegenerate double point on F 4 being the results of 
degenerations of types 1) — 3) of the real nonsingular curve A\ above, we should choose 
"</?_" (Definition l21\ and Lemma [76]) as the anti-holomorphic involutions on X. And for 
all marked real 2-elementary K3 surfaces ((X,t, <£>_), a) obtained from A[, the associated 
involutions ao (<£>_)* oa -1 o/L^ 3 are isometric with respect to G = {Is}, namely, all such 
(X,T,ip_) have their markings to the same involution of Lk- 3 . 

• For real curves A[ with one nondegenerate double point on F 4 being the results of 
degenerations of types I 7 ) — 3') of the real nonsingular curve A\ above, we should choose 

(Definition [21\ and Lemma IT8\) as the anti-holomorphic involutions on X. And for 
all marked real 2-elementary K3 surfaces ((X,r,<p_), a) obtained from A[, the associated 
involutions ao (</?_)* o« _1 o/L^ 3 are isometric with respect to G = {Is}, namely, all such 
(X, r, ip_) have their markings to the same involution ofh K3 . □ 

8.3. Conjectures. We set (S, 6) := ((3, 1, 1), -1). Note G = {l s } for (S, 6) := ((3, 1, 1), -1). See 
Remark As stated in Section we have an orthogonal decomposition 

S ^ U©Z(F), 

where U is the hyperbolic even unimodular lattice of signature (1, 1) and Z(F) = (—2). 
We fix an involution (h K3 ,ip) of type ((3, 1, 1), —1) and use the notation 

Q/ - tp = C + x £_ 5 , 

e.t.c. defined in Section I2~3"l 

We want to give a criterion for a real curve WLA[ in 1 12c + 3s| on F 4 with one double point to 
be nondegenerate in terms of the involution (hK3,ip)- 

Conjecture 1 (A criterion, cf. Lemma [7]). For [u] G Q/ — ip, 

is the period of a marked real 2-elementary K3 surface obtained from a real curve WLA[ in |12c+3s| 
with one nondegenerate double point on F 4 

<^=^> there are no v (7^ ±F) in L.K3 satisfying that v • u = 0, v-U = and v 2 = —2. □ 

At present we can prove the direction of the above assertion. 
However, we can prove the following lemmae. 

Lemma 17. Either L + or ^ does not contain any element v such that v = F {mod 2L^ 3 ). 
Hence, we have the following. If L_ t 5 contains an element v such that v = F {mod 2L^3) ; then 
L + does not contain any v such that v = F {mod 2Lft- 3 ). □ 

Lemma 18. For the anti-holomorphic involution u (p_" (recall its definition) contains an ele- 
ment v such that v = F {mod 2L^ 3 ). □ 
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(— 2)-orthogonal hyperplanes and their reflections. The reflection on C + with respect to the 
real hyperplane v where v is an element of L + with square —2 is welldefined and it sends a point 
in Q/ — ip to its equivalent point. Also, the reflection on £-,5 with respect to the real hyperplane 
V -1 where v is an element of L_ 5 5 with square —2 is welldefined and it sends a point in fi/ — ip to 
its equivalent point. 
Hence, let 

Q + (respectively, fi- s) 

be the open fundamental domains with respect to the groups generated by the reflections with 
respect to the real hyperplanes v satisfying v 2 = —2 and v e L + (respectively, L-,s) and we 
consider the direct product 

We want to obtain an analogy of Therem [9j We have to formulate some domain Q^ 4 like the 
domain Qf p . 

Conjecture 2 (cf. [3], Theorem 2.1). We fix an involution (L^,^) of type ((3, 1, 1), — 1). Rigid 
isotopy classes (up to projective equivalence) of real curves M.A[ in |12c + 3s| on ¥4 with one non- 
degenerate double point which yield marked real 2- elementary K3 surfaces ((X, t, ip), a) satisfying 
atp^a' 1 = ip 

are in one to one (bijective) correspondence with the connected components ( "polytopes" ) (considered 
up to equivalence) of "some domain" Qf ¥i . □ 

The Coxeter graph C and the graph K. We are fixing an involution (L^,^) of type 
((3, 1,1),— 1). We set 

L_ u := L_ n U x ^ L_ n (U © U © {-E 8 ) © {-E 8 )). 

Here recall that L± := {x G L^ 3 | ip(x) = ±x}. 
Then L_ u is also hyperbolic. Let 

be the Lobachevsky space obtained from L_ u ® M. 

The group generated by the reflections with respect to real hyperplanes v- 1 such that v 6 L_ u 
with v 2 = —2 acts on the Lovachevskii space £_,u- Let 

be one of its fundamental domains (polytope) which has a face orthogonal to F. 
Let 

C 

be the Coxeter graph (see Vinberg [11]) of fi_. 

Definition 27. • Let C be the graph which is obtained by removing all thick or dotted edges 
from C . 

• Consider the group of symmetries of C obtained from some automorphism of (Lr-3, ip, U). 
Let C" be the quotient graph of C by the action of the group. 

• Let e be the vertex of C corresponding to F and let e' be the class (in C") containing e. 

• Let K be the connected component of C" containing e'. □ 

Conjecture 3 (cf. |3J, Proposition 3.1). The number (up to equivalence) of polytopes of flf Fi (in 
Conjecture^) coincides with that of vertices of the graph K. □ 

The graph P. We fix an isometry class of integral involutions of type (U, —1) with (r, a, (^5, v ) 7^ 
(10, 8, 0, 0), (10, 10, 0, 0). Then we have a real 2-elementary K3 surface (X, r, tp) of type (U, —1) and 
a real nonsingular curve A\ in |12c + 3s| on RF4. (See Definition |2"E1) 
Then, we define the graphs P as follows. 
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Definition 28. • The vertices of P are all the rigid isotopy classes of real curves A[ in 
1 12c + 3s\ with one nondegenerate double point on F 4 being the results of degenerations of 
types 1) — 3) of the real nonsingular curve A\ with if above. 

• Two vertices of P are connected by a edge if one rigid isotopy class is obtained from the 
conjunction of the ovals E\ and the nontrivial component of A\ ( Conjunction 1)), and the 
other rigid isotopy class is obtained from the contraction of the oval E\ (Contraction 3)). 

• Two vertices of P are connected by a edge if one rigid isotopy class is obtained from the 
conjunction of the ovals E\ and £2 of A\ (Conjunction 2)), and the other rigid isotopy class 
is obtained from the contraction of the oval E\ (Contraction 3)). □ 

The relation of K and P. 

Conjecture 4 (cf. [3], Proposition 3.4). Fix a real nonsingular curve A\ in |12c + 3s| on F 4 with 
ip as above. 

Let us get a arbitrary real curve A\ in |12c + 3s| on F4 with one nondegenerate double point being 
the result of one of degenerations of types 1) — 3) of the nonsingular curve A\ with if, and construct 
the graph K (Definition \2l\) from A[ and if- (Recall Theorem [12]) . Then, K is isomorphic to P. 
□ 
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